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1. Introduction 



Our understanding of D < 2 string theories has been greatly improved in the past two 
years by the realization that the double-scaling limit of matrix models can be used to probe 
these string theories to all orders in perturbation theory (and sometimes beyond) , 
and by the concurrent realization that these models are closely related to topological field 
theories [30]. However, we still lack a complete understanding of how one can obtain the 
remarkable results of matrix models working directly in a continuum (Liouville theory x 
conformal matter) formulation. 

A focus of recent studies has been the role of the 'extra' physical states called special 
states, first discovered and studied in the c = 1 matrix model in and later uncov- 
ered by Polyakov in the continuum version of this theory 0. These states (and others, 
which we will also call special states) have since been found rigorously in the BRST co- 
homology of the continuum theory Jl^ . They play a crucial role in our understanding 
of the correspondence between the continuum theory and the c = 1 matrix model. In 
particular, some of the special states are responsible for generating the Woo symmetry of 
the theory [|12| . In addition, one can see the analogue of the free fermion structure of 
the matrix models by analyzing the 'ground ring' formed by the operators of vanishing 
ghost number (the ghost number increases by one in going from states to operators; in this 
paper we use the convention that the SL(2,C) invariant vacuum has ghost number -1). The 
Woo symmetry leads to powerful non-linear Ward Identities which can be used to greatly 
simplify computations in this theory [|I^[^|jT^, and the fact that the tachyon states of 
the theory form modules of the ground ring also leads to certain identities the correlation 



functions must satisfy [1171 [p!8[ 

While the special states have proven to be of great utility in the D = 2 theory, their 
presence in the D < 2 theories [|TT| (minimal models coupled to 2D quantum gravity) 
has not yet been fully understood and exploited. In this paper, we will show that there 
are infinitely more 'extra' physical states than those which have been widely discussed to 
date, in the semi-relative cohomology of the D < 2 theories (a similar observation has been 
made regarding the D = 2 theory by Witten and Zwiebach [^). Some of these states 
correspond to standard currents (of total ghost number zero^), which generate symmetries 
of the theories. In this paper we determine the symmetry algebra of the {p,p') models 



^ Actually, since as we will see these currents have non-vanishing chiral ghost numbers which 
sum to zero, they aren't quite like conventional currents 
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(by which we mean 2-d gravity coupled to (p, p') minimal matter, with p > p' and p' 
relatively prime). We also provide a preliminary exploration of the action of the associated 
conserved charges on the physical states. We find that the charges of total ghost number 
zero act trivially on the regular tachyon states (dressed minimal CFT primary fields) of 
these models, but expect that the full algebra of exotic symmetries will act non-trivially 



on the infinite tower of states discovered in [20 



2. Formalism 

2.1. Physical State Conditions in (Bosonic) String Theory 

Since the new string states we find are in the semi — relative cohomology, and satisfy 
slightly weaker conditions than the 'normal' physical state conditions one is used to from 
critical string theory, we take a moment to review here how this set of conditions arises in 



the operator formalism. We will follow the treatment of Distler and Nelson [|2T|] . For more 
details on the operator formalism see also [P2|PB[]P^[P3|. 



Denote by A^g,n the space of conformally distinct smooth Riemann surfaces with g 
handles and n marked points, and by Pg,n the space of such surfaces where in addition 
we have chosen a local coordinate Zi centered around each of the marked points. Then 
a conformal field theory associates to each element X G Pg,i a vector (X| in a Hilbert 
space Ti. One can think of obtaining this state by performing a functional integral over 
all of the Riemann surface except for an excised disk around the marked point, yielding 
a wavefunctional of the boundary conditions one chooses to insert on the disk: If one 
inserts boundary conditions corresponding to the state l?/^) G Ti, then the resulting complex 
number is {X\il)). Similarly, to an element of -Pg,N a conformal field theory associates a 
vector in the N-fold tensor product 'fi®^ (actually, more precisely one gets a vector in 
q^®Ci (g) q-^®N-Q ^j^gj-g Q < is determined by the orientation chosen for the boundaries 
of the disks surrounding the punctures; this needn't concern us here). 

Given any N vectors I'i/'i), Ii/'n) G 7i, we wish to construct a differential form of 
degree 3(7 — 3 + on M.g^^, which we can then integrate over A1g,N to give us the genus 
g N-point function of the operators i/'i, ...,'i/'N associated with the vectors. First, we will 
construct such a form on Pg.N, by specifying its action on any ?,g — ?> + N tangent vectors 
to 'Pg,N at some point Y. Take an N-tuple of vector fields v = (fi, ..,vn) (one Vi in the 
neighborhood of each of the punctures) which do not belong to the 'Borel subalgebra' 
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B(Y, zi, Zn), where the Zi are local coordinates vanishing at the punctures P^.^ These 
together correspond to a nonzero tangent vector V to Pg.N at Y. Define: 

N 

m-Ef^h^^ii^)"^ (2.1, 

1=1 

where is the spin-2 anti-commuting ghost field of the be system introduced in string 
theory to fix diffeomorphism invariance, and acts on the i-th copy of Ti. Then we define 
the differential form associated to ... |'i/'N) by: 

$(Vl, Fsg-S+N, Vi, "V^3g-3+N) = 
(r|6[^;i]...6[t73g-3+N]M^l]--M^3g-3+N]|V'l) ® - ® I^n) (2.2) 

Here, b is the anti-holomorphic counterpart to 6, and the v s correspond to the conjugates 
Vi to the Vi. 

Now, (2.2) does give us a form on 'Pg,N; what we really want is a form on A^g,N- The 
simplest possibility is that $ is simply the lift of the desired form $ on Mg,^: 

$ = 7r*$ (2.3) 

where n : 'Pg,N — ^ -^g,N is the projection map for the Pg,N bundle over M.g,N- This is the 
case exactly when each of the states satisfies: 

Lr^liP) ^br^ltP) =L^\iP) =K\iP) = 0, n>0 (2.4) 

where the bn and the are defined in the normal way as the Laurent coefficients of the b 
ghost field and the holomorphic stress-energy tensor, and likewise for their counterparts bn 
and Ln- These are the most familiar physical state conditions from critical string theory, 
termed in the 'Strong Physical State Conditions.' We can get weaker physical state 
conditions by realizing that (2.3) is not really necessary for us to reconstruct a form $ on 
A^g^N from 

Choose a section a : A^g,N ^g,N- Then we can imagine pulling back $ using this 
section: 

$ = (T*$. (2.5) 

^ Elements of B are sets of Vi which are all the restriction of a single vector field v holomorphic 
ony \ {Pi,...,P„}. 



3 



While the resultant $ obviously depends on the section cr chosen, it turns out that if $ is a 
closed differential form, then $ in (2.5) yields a well-defined cohomology class irrespective 
of which section we choose. Hence, its integral (modulo fixing conditions at the boundaries 
of A^g,N) will be well defined. 

In fact, $ is indeed a closed form whenever the states involved in its definition in (2.2) 
obey a weaker condition than (2.4), namely that 

{Q + QM)-o (2.6) 

where Q and Q are the holomorphic and anti-holomorphic BRST operators. 

However, another complication arises: There is in general an obstruction to choosing 
a global section a (the bundle tt : 'Pg,N -^g,N is nontrivial). What we can do is 
find sections which are well defined up to constant phase jumps across coordinate patch 
overlaps. If we can construct $ so that it is insensitive to such jumps, then again $ defined 
via (2.5) will be acceptable. The necessary conditions for this to occur are: 

iQ + QM) = {Lo - LoM) = {bo - boM) = 0. (2.7) 

Actually, we will only consider states which are annihilated by both Q and Q and 
which are in the nuUspaces of both Lq and Lq. With this proviso, the conditions (2.4) 
correspond to states of the closed string which are in the chiral relative BRST cohomology 
(they are annihilated by bg and bo): The chiral halves would be bona fide open string 
states. The conditions (2.7) correspond to states of the closed string which are in the 
semi — relative cohomology. 

2.2. Symmetries and Descent Equations 

Let us briefly recall the formalism for currents conserved up to BRST commutators, 
following [l^]. We assume we are working in the context of a two dimensional quantum 



field theory, in local complex coordinates on some Riemann surface. A strictly conserved 
current corresponds to a one form 

= J^dz - Jsdz (2.8) 

which is closed, 

dn^ = 0. (2.9) 
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One then obtains a conserved charge by integrating this one form around a contour, the 
charge being conserved in the sense that this integral gives the same result for homologous 
contours [we will throughout use the convention that -J-^ £ — = — tt-^ f 4? = 11. 

However, in BRST cohomology Qtot = Q + Q commutators are trivial, so in BRST 
quantization a well-defined charge on the Hilbert space of physical states need only be in- 
variant up to Qtot commutators when evaluated on homologous cycles. This corresponds 
to the case that is only closed up to a Qtot commutator of some two form O^: 

dn^ = {Qtot.^^}. (2.10) 

As discussed in [jl5|, when ^ 0, the Ward Identity corresponding to the symmetry 
generated by this current can be nonlinear. 

Of course, in order for the conserved charge to map physical states to physical states, 
it must commute with the BRST operator Qtot- This occurs if there is a zero form 
such that: 

C^fi° = {QTOT,0^}. (2.11) 

It is then the case that {Qtot, = automatically. 

Thus, the whole hierarchy of descent equations is given by: 

= {QTOT,n'^} 

= {Qtot,0'} (2.12) 
rfO^ = {Qtot,02} 

These equations imply that is a conserved current in the BRST formalism. So in 
particular, finding symmetries of the theory is equivalent to finding zero forms which 
give non-trivial results for when plugged into the descent equations. 

The descent equations can be re-written in terms of states instead of operators, with 
the results that for a given 

\Ql) = b-i\Q'^) (2.13) 

Hence, to find conventional symmetries of the closed string theory, which correspond to 
charges which have ghost number zero, one must find BRST invariant states in the 
semi-relative cohomology at ghost number 0. Then the corresponding operator obtained 
from the descent equations will also have vanishing ghost number, as will the charge 
obtained from its contour integral. 
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3. Extra States in Semi-relative Cohomology 

3. 1 . Proof of Existence of Extra States 

In order to clarify the discussion below, we introduce some notation. We will denote 
by H"gj(k) the chiral relative BRST cohomology of the {p,p') minimal model coupled to 
Liouville theory at ghost number n built on the Liouville Fock space with momentum k. 
-^abs(^) ^^^^ denote the corresponding absolute BRST cohomology. 

One can find the analogue of the ground ring in the D < 2 string theories by examining 
the appropriate cohomology of the [p, p') minimal model coupled to quantum gravity. This 
has been done by Kutasov, Martinec, and Seiberg fl^, who find that in the {p^p') model 



the ground ring consists of operators -Rn,n' with 1 < n < p — 1 and 1 < n' < p' — 1. This 
ring is the ring generated by X — R2,i and Y — Ri^2- 

Rn,u'=X^-^Y^'-^ (3.1) 

(the relations XP-^ = Yp'-^ = hold). 

Let us denote by On,n' the holomorphic chiral half of -Rn,n'- If we call the Liouville 
momentum of the operator On,n' Pn,n'j then we see that in the notation introduced above, 
these ring elements correspond to nontrivial cohomology classes |On,n') ^ H^igj^-' (pn,n') 
in the chiral BRST cohomology. In fact, these are the only such classes in the relative 
cohomology at their respective momenta and ghost number -1. Now, recall the result that: 

hSs(p)^H;S(p)©coH;7^)(p) (3.2) 

Since we know that hI;^^ (pn,n') = for all n,n', it follows that 

dim Ii^ZiPn,n') = 1. (3.3) 

Call a representative of the non-trivial cohomology class | Wn,n')- We will now show that 

On,n' = Wn,n'On,n' + On,n'Wn,n' (3.4) 

is the zero- form component of a current, in the formalism described in section 2.2. In order 
to do this, we must prove that |On,n') is in the semi-relative BRST cohomology and that 

Consider the state bo\Wn,n')- We know this does not vanish, because there is no 
relative cohomology with momentum Pn,n' at ghost number 0. However, Q(6o| Wn,n')) = 0, 
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since [Q, 60] = Lq and |Wn,n') is annihilated by both Q and Lq. In addition, bo\Wn^n') 
is obviously annihilated by 60 5 so it is in the relative cohomology at ghost number -1. 
Since |On,n') is the only nontrivial relative cohomology at ghost number -1 with the right 
momentum, we must have: 

bo\Wr,,n')=MOn,n'): k ^ 0. (3.5) 

But then consider the state in the full closed string cohomology given by: 

|On,n') = |On,n,) ® \Wn,n') + \Wn,n') ® l^.n^) . (3.6) 

This is clearly annihilated by Qtot and bo — bo, so it is in the semi-relative cohomology 
of the closed string theory. Hence, the operator On,n' given in (3.4) corresponding to this 
state is the zero form component of a current if b-i\Qn,n') 7^ 0. We shall prove that this 
is the case in section 3.2, by making a connection with previous work in the c=l theory 
which allows us to give a more explicit construction of these states. 

3.2. Comparison to c=l Model 

We might expect these currents to correspond in a simple way to some subalgebra of 
the infinite symmetry algebra present in the c=l theory. This is in fact the case. 

Recall that in the c=l theory, the symmetries include a Woo algebra but also include 
an infinite number of 'internal' symmetries, one for each ground ring element. If we define 



following [26 



a = [Q,(j)] = cd(l) + V2dc (3.7) 

then the new chiral ghost number one operators in the absolute cohomology of the c=l 
model were given by 

aO(0) = — / — a(z) 0(0) (3.8) 
27ii J z 



where O is an element of the c=l chiral ground ring ||T^. While it might seem that these 
operators are BRST trivial from (3.7), this is not so strictly speaking because (p is not 
in the usual space of conformal fields. The new symmetry generators then had zero form 
pieces corresponding to the new semi-relative cohomology classes (a -|- a) (00). 

Because the Liouville sector remains intact in the minimal models coupled to grav- 
ity, one can still construct the operator a and this construction of the new semi-relative 
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cohomology should generalize to all of the minimal models. Hence, we find that our new 
operators fln,n' are given more explicitly by the formula 

^^n,n' = (a+a)i?n,n'- (3.9) 

This allows us to fix the constant k in equation (3.5) to be \/2. It is also now a trivial 
matter to check the remaining condition which insures that fln,n' generates a non-trivial 
symmetry, namely that b-i\0,ri,n') 7^ 0. From equations (3.7), (3.9) we see with a little bit 
of work that the symmetries are in fact nontrivial (in this sense, at least). 

Although we have exhibited that the (p, p') model still has a Lie algebra of symmetries 
with {p — l){p' — 1) generators, one may wonder what has become of the rest of the 
vast symmetry structure of the c=l theory. Indeed, if one views the {p,p') models as 



S0(2,C) rotations of the c=l model, one might expect the Woo structure to survive [p8 
Nevertheless, it follows from the mathematical analysis [|ll| that in the {p,p') model there 
are no potential generators of conventional (vanishing ghost number) symmetries other 
than those given above. 



3.3. Generalization to Other Ghost Numbers 

It is clear that the construction of sections 3.1 and 3.2 will generalize to other ghost 
numbers as follows. Assume we have some momentum p and ghost number n such that: 

dimH;;;i)(p) = 1. (3.10) 

Suppose a representative of this cohomology class is 1^^). Then as discussed in section 3.2, 
we can construct a new element of the semi- relative cohomology at ghost number n-|-l: 

(a-Fa)APAP(O)lO). (3.11) 



These states will correspond to 'symmetries' of non-standard ghost number. The associated 
conserved charges will map 'normal' physical states to physical states of exotic ghost 
number. 
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4. Algebra of the Symmetries 

4.1. Role of New Symmetries in D=2 Case 

Before proceeding to determine the symmetry structure of the D < 2 theories, it will 
be helpful to recall certain facts revealed in the analysis of [|l5l about the analogues of our 
new symmetry generators in the D=2 case. 

In the (compactified) c=l model, the chiral ground ring is generated by two operators 
X and y, while the anti-chiral ground ring is generated by their counterparts x' and y' . 
We can combine these chiral components to form four closed-string operators: 

ai = xx' 32 = yy' as = xy' 34 = yx'. (4.1) 

In [jl2|[|l5| the special states are interpreted in terms of the differential geometry of the 



quadric cone Q formed by the ring generators subject to the 'fer mi- surface' relation 

aia2 — asa4 = /i (4-2) 

where n is the cosmological constant in the Liouville theory. In this context, the new 
symmetry currents derived from the zero form (a + d)0 (with O a ground ring element) 
correspond to vector fields 

d d , d , d 

Currents from (a-F a)0 ~ f S, S = x— — h Jt^ x' —— — y' tt-; ■ (4-3) 

ox oy ox' oy' 

Here, / is some function on Q which must have the proper quantum numbers to represent 
the symmetry generator in question. 

We will use this information about the D=2 theory to help us determine the algebra 
of the new symmetries m. D <2. 



4-2. Symmetry Algebra in D < 2 

The dimension 1, ghost number zero currents J^n,n' in the closed string theory (the one- 
form components in the terminology of section 2.2) are defined using the descent equations 
applied to the zero forms O given in equation (3.9): 

^^n,n' J7n,n' via desceut equations. (4-4) 
9 



We know from the explicit construction of the ground ring generators ||17|| that 



Pn,n' =-[{n-l) + ip/p') (n' - 1)] I 7 = y y (4-5) 

is the LiouviUe momentum of J7n,n'- Hence, by momentum conservation alone it is clear 
that the symmetry algebra must be of the form 

m' — 1 ,n+n' — 1 

(4.6) 

where it is understood that J7a,b = unless 1 < a < p — 1 and 1 < b < p' — 1. Since 
explicit forms of these operators are not available (however see [|2^ for recent progress in 



constructing explicit representatives of BRST cohomology classes for c < 1 matter coupled 
to gravity), we must find some means other than direct computation of determining the 
non- vanishing structure constants. This is where the interpretation of section 4.1 will be 
useful. 

Just as in the D=2 theory, we can think of the ring in the D < 2 case as having four 
chiral generators in terms of which X and Y are defined: 

X = R2,i=xx' Y = Ri,2=yy'. (4.7) 

Of course, in view of the conditions in the {p,p') model that Xp~^ = ~^ = we should 
also set 

^P-i _ ^/p-i _ yP'-i ^ y'p'-i ^ 0. (4.8) 

Now, by analogy with the D=2 theory we expect the new symmetries should act on 
the states of the D < 2 models as polynomials in the new ring generators multiplied by 
the analogue of S (defined in equation (4.3)). Thus, we make the identification 

Jn,n' = fn,n' S (4.9) 

with the understanding that the variables x, x', y, y' in the definition of S are now to be 
interpreted as defined above for the [PiP') model. Here, /n,n' is a function with the same 
quantum numbers as the operator on the left hand side. As it is a polynomial function of 
the ring generators, we gather that f must have the form 

fnx ~ x"-iy"'-i = {xxT-\yyT'~^- (4.io) 

Hence, up to normalization we can find the current algebra by taking the commutators 
of the associated vector fields 

[i7n,n', i7m,m'] = [fn,n' "S, fm,m' S] (4-11) 

with the result that 

[Jn,n', Jm,m'] ~ (u + u' - m - m') Jn+m-l,n'+m'-l (4.12) 

with the same understanding as after equation (4.6) about the indices on the currents. 
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4-3. Conjectured Algebra of Exotic Symmetries 

As discussed in section 3.3, our construction of closed string symmetries will generalize 
to all cases where there is isolated chiral relative cohomology at a given ghost number and 
momentum. It is known from the mathematical analysis [^[^ that there is in fact 



(p — 1) {p' — 1) dimensional relative cohomology at all negative ghost numbers in the (p, p') 
model. If we denote the dimension one currents obtained from this cohomology at ghost 
number k as xJ^^i, with 1 < n < p — 1,1 < n' < p' ~ 1, then the natural conjecture for the 
extended symmetry algebra is simply 

[Jn,n'.JU'] - i^ + ^'^'-^-^')Jitl-l,n'+m'-l (4-13) 

with j, k < 0, and again with the implicit understanding that = if its indices do not 
lie in the standard allowed range for the (p, p') model. 



5. Action of Conventional Charges on States 

5.1. States and Currents in D < 2 

It is obvious from the form of S, equation (4.3), that the most conventional symmetries 
we have constructed (those with vanishing total ghost number) annihilate the ring states. 
In fact, their associated charges also annihilate the normal 'tachyon' states obtained by 
dressing the primary fields of the minimal models. 

For the (p, p') model, the spectrum of tachyon states is 

Tn,n/ = CCC'n.n'e' P' P' (5.1) 

(with 1 < n < p — 1, 1 < n' < p' — 1) where On,n' is a matter primary field with (9n,n' = 
(9p_n,p'-n' (so we identify T^^n' = ^-n,p'-n')- Of course, there are also {p — l){p' — 1) 
special states at every negative value of the ghost number for which we have no such 
convenient representation. 

To actually construct the charges 

Qn,n' = TT- / ^n,n' (5.2) 

Zm J 

associated with J'n,n', we first use the descent equations to get a more explicit form of 
J7n,n'- If we define: 

dOn,n' = {QrOT^Zn^n'}, 9(aOn,n/ ) = { QtOT , ^n,n' } (5.3) 

then the descent equations tell us that 

Jn,n' = (^n,n'On,n' + Z^^n' aOn,n') dz + (On,n' ^"11,11' " aOn,n' Zn,n')dz . (5.4) 

Using this form of jTn.n', we will argue that Qn,n' must annihilate the tachyon states 
(5.1). 
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5.2. Action of Conventional Charges on Tachyon States 
From (5.4) it follows immediately that 

/dz — — f dz — — 

7r-(^n,n'On,n' + ^n,n'aOn,n') + TT" (^n,n' ^11,11' - aOn,n' ^n,n' ) (5.5) 
ZTTZ J ZTTZ 

are the conserved charges. 

Notice that although Qn.n' does indeed have vanishing total ghost number, this arises 
in a peculiar way: The terms containing Y and O have left-right ghost numbers (0, 0), but 
the terms containing Z and aO have left-right ghost numbers (—1, 1) and (1,-1). While 
in the D=2 theory these types of operators can map special tachyons to the new states 
which contain parts of ghost number (1, —1) and (—1, 1) (such states do exist in the D=2 
theory, see [|15[), there are no such states in D < 2. Hence, it follows immediately that the 



pieces in Qn.n' of this type act trivially on the tachyon states in D < 2. So we need only 
consider the action of the terms containing YO and OY. 

However, the result of applying Qn,n' to a tachyon state must be another tachyon 
state (there are no other candidates in D < 2) and hence must be left-right symmetric. 
Recalling our conventions for contour integrals (see section 2.2), it is evident that any left- 
right symmetric pieces which emerge from applying the YO and OY terms to a tachyon 
state will exactly cancel each other. Hence, the charges Qn,n' annihilate the tachyon states 
(5.1). 

5.3. Are the Charges Physically Non-trivial? 

Since we have seen that the conventional charges annihilate the ring states and the 
tachyon states, one might wonder if they are physically relevant. At any rate, it seems 
unlikely that the full extended symmetry algebra discussed in section 4.3 will act trivially 



on the entire tower of special states obtained in |2^ [|Tl| , but we have no convincing evidence 
regarding this matter. If it does, one would have essentially another infinite tower of states 
(corresponding to semi-relative cohomology classes) in the D < 2 closed string theories 
which are effectively decoupled from the conventional states in the relative cohomology. 
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6. Conclusion 

There are several striking features of the c < 1 matrix models which we would like to 
understand from the continuum perspective. In particular, the fact that the square root 
of the partition function ^ is a r function of the KdV hierarchy and the emergence 
of an infinite number of Virasoro and W-constraints which also uniquely determine Z , 
are still mysterious from the perspective of Liouville theory coupled to minimal matter 
(however see |]T^ for some interesting conjectures relating the ground ring to Douglas' 
operators P,Q pip. 

It seems plausible that the incorporation of all of the 'exotic' currents found here into 
an extended symmetry algebra, as discussed briefly in section 4.3, might shed some light 
on these issues. However, the role of these symmetries in the D <2 theory is not yet well 
understood. We have argued that the most conventional ones act trivially on the ring and 
tachyon states, but the interesting question of the action of the full symmetry algebra on 
the entire tower of states in the (p, p') model remains open. 

To extract a deeper understanding of string theory from the matrix models, it is 
important that we reproduce as much of their structure from the continuum Liouville x 
Matter viewpoint as we can. Uncovering the KdV/ Virasoro structure in the continuum 
formulation will help us to understand the 'miracles' of the matrix models in terms of 
conventional string theory, and is certainly a problem which warrants further study. 
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